Recently the ETH group has reported an experiment on superradiant transition of a Bose condensate in two crossed beam cavities. The surprise is that they find that across the superradiant transition, the cavity light can be emitted in any superposition of these two cavity modes. This indicates an additional U (1) symmetry that does not exist in the full Hamiltonian. In this letter we show that this symmetry is an emergent symmetry in the vicinity of the phase transition. We identify all the necessary conditions that are required for this emergent U (1) symmetry and show that the ETH experiment is a special case that satisfies these conditions. We further show that the superradiant transition in this system can also be driven to a first order one when the system is tuned away from the point having the emergent symmetry.
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Symmetry plays a fundamentally important role in physics. The term of emergent symmetry refers to situations where the symmetry group for the low-energy physics of a quantum system can actually be larger than that of the full Hamiltonian. This usually requires fine tuning of certain parameters in the Hamiltonian. For instance, there are at least two known examples of emergent symmetry in ultracold atomic systems. The first is the emergent Lorentz symmetry in the Bose-Hubbard model, when the system is fine tuned to the particle-hole symmetric point and is in the vicinity of the superfluid to Mott-insulator transition [1] [2] [3] . One physical consequence of this emergent Lorentz symmetry is the appearance of the Higgs mode, which has been observed by the Munich group [4] . Another example is the emergent nonrelativistic conformal symmetry in a Fermi gas with a short-ranged interaction, when the interaction potential is fine tuned to a two-body resonance. This emergent conformal symmetry also has important physical consequences, such as the vanishing of the bulk viscosity [5] [6] [7] [8] [9] .
Putting ultracold atoms into a cavity represents a new hybridized quantum system at the interface of quantum optics and many-body physics [10] [11] [12] , and the inevitable decay of the cavity light makes the system intrinsically non-equilibrium. Previous experiments have studied Bose condensates in a single cavity, and it has been found that the pumping field can drive a superradiance transition, across which the cavity field becomes finite and meanwhile the Bose condensate acquires a density wave order [13] . Along this line, experimental and theoretical efforts have also explored such superradiant transitions for strongly interactions [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and with different statistics [24] [25] [26] [27] [28] [29] [30] .
A recent experiment by ETH group has loaded Bose condensate in two crossed beam cavities with same frequency [31] , as shown in Fig. 1(a) . The pumping beam has a wave vector k p with a phase φ p , and the two crossed cavity beams have wave vectors k 1 and k 2 and phases φ 1 and φ 2 , respectively. It is quite easy to see that under generic conditions, the system does not have the symmetry of choosing an arbitrary combination of these two cavity modes, because the interference of the pumping beam and different combination of the two cavity beams will lead to different lattice structures, and consequently different energies for the atoms.
Nevertheless, the recent ETH experiment reveals a surprise. They find that for pumping fields close to the critical value for the superradiant transition, the superradiant light can be emitted to any combination of these two cavity modes when the experiments are repeated under the same conditions. This implies that an additional U (1) symmetry appears aside from the U (1) symmetry breaking in the superradiant transition studied previously. The main point of this letter is to point out that this additional U (1) symmetry is actually an emergent symmetry in the vicinity of the superradiant transition, and we identify that this emergent symmetry requires the following conditions:
(i) The two cavity beams possess mirror symmetry with respect to the pumping beam;
(ii) The wave vectors of the three lasers satisfy
(iii) The phases of the three lasers satisfy φ p −φ 1 −φ 2 = (l φ − 1/2)π, where l φ is an integer;
(iv) The scattering between the two cavity modes is sufficiently weak so that it can be ignored.
Without loss of generality, the pumping beam can always be taken along theŷ-direction, that is, k p = k pŷ . Thus, with conditions (i) and (ii), one can write k 1 = k xx + k p /2ŷ and k 2 = −k xx + k p /2ŷ. In the ETH experiment, the two cavity beams and the pumping beam are aligned in 60-degree angle with respect to each other, and they have the same wave length. Furthermore the beam phases are chosen to be φ 1 = φ 2 = 0 and φ p = π/2. The ETH experiment is thus a special case that satisfies conditions (i), (ii) and (iii). In addition, condition (iv) is also well satisfied in the ETH experiment. That is why the emergent U (1) symmetry is observed there. The following discussion is to show why all these conditions are required for the emergent U (1) symmetry.
Model. In the system of this ETH experiment, a Bose condensate is trapped at the intersection of a pumping beam and two identical high finesse optical cavities. The pumping beam along theŷ-direction generates a one-dimensional optical lattice potential
where Ω p is the Rabi frequency and ∆ a < 0 is the atom-pump detuning. In the absence of cavity photons, the Hamiltonian for the atomic part is given bŷ
with m being the mass of the atom,ψ(r) is the atomic field operator and g a is the interaction strength between atoms. The two cavities, labelled by the index j = 1, 2, are characterized by identical Rabi frequencies g and decay rates κ. The coupling between the cavity photons and the atoms is given bŷ
where
which arises from the pump-cavity mode interference.
Here we have already used condition (iv) to neglect the lattice potential from the interference of two cavity fields. This can be justified because of the experimental condition |U | |U p | and the cavity photon number is small in the vicinity of the superradiant transition. Under the rotating wave approximation, the Hamiltonian for the the entire system can be written aŝ
where ∆ c is the effective detuning between cavity and the pumping field. It can be shown that under a rotation of the two cavity photon modes, i.e.
f j transforms as
In general, f j and f j are not equivalent, and therefore the full Hamiltonian Eq. 3 is not invariant under the transformation Eqs. 4-5. Nevertheless, the ETH experiment indeed observed that the superradiant light can populate into eitherâ 1 orâ 2 mode with θ uniformly distributed between [0, 2π), which implies that the low energy states of the system are invariant under the transformation given by Eqs. 4-5. This in fact says that Eqs. 4-5 is an emergent symmetry operation of the system. Emergent Symmetry from an Intuitive Picture. Before presenting an explicit demonstration of this emergent symmetry, we first give an intuitive picture. Assuming the lattice from the pumping beam is sufficiently deep that atoms are localized at the classical minimum y m of V 1D (r), that is,
where m = 0, ±1, · · · . Under the condition (i)-(iii), it is straightforward to show that
Hence, for atoms fixed at y m , f j and f j are essentially equivalent up to a spatial translation alongx. The physical picture is that the pumping field creates a deep onedimensional lattice alongŷ, and at the minimum of this one-dimensional lattice, the cavity beams will further create a one-dimensional lattice alongx. The emergent U (1) symmetry is nothing but the spatial translation of this lattice alongx. Emergent Symmetry from the Ginzburg-Landau Theory. The superradiant transition at zero-temperature can be well captured by a Ginzburg-Landau type theory, where the order parameter is taken as α j ≡ â j and it becomes non-zero across the superradiant transition. In the superradiance regime an additional 2D lattice potential from the pump-cavity interference is given by V α (r) = 2 j=1,2 U U p Reα j f j (r). Neglecting photon fluctuations, the properties of the Bose condensate are determined byĤ at +Ĥ α , whereĤ α = drV α (r)ρ(r). The boson field satisfies
where µ is the chemical potential and V 2D (r) ≡ V 1D (r) + V α (r). It is clear that the many-body wave function for the bosons depends on the cavity field strength α j . The latter can be obtained from the equation of motion for the photon field. Taking into account the finite decay rates for the cavities, the equation of motion for the j-th cavity photon field is given by
We are interested in the steady state specified by the condition ∂α j (t)/∂t ≡ ∂ â j (t) /∂t = 0. Substituting Eq. 10 into this condition and introducing the param-
, one finds that Imα j = −(κ/∆ c )Reα j and
where F j = drf j (r) ψ † (r)ψ(r) . Solving Eqs. (9) and (11) self-consistently determines the state for both atoms and the cavity fields.
When the photon number is small in the vicinity of the superradiance transition, we can treat V α (r) as a perturbation and evaluate the properties of the boson wave function perturbatively in powers of Reα j . Let us first use the condition that two cavities are mirror symmetric with respect to the pumping beam. In this case F j can be expanded as can be determined by Eq. 9. Substituting the expansion into Eq. 11 and neglecting higher orders of Reα j , we find that if c 
are all solutions to Eq. 11. That is to say, these solutions form a degenerate U (1) manifold. Otherwise, if c
b , it accepts only one solution
That means that to show the emergent U (1) symmetry is equivalent to showing c
b . As said, the coefficients in the expansion of Eq. 12 can be determined by Eq. 9. First of all, for the simplest case of non-interacting bosons at zero-temperature, all bosons are condensed in the ground state of the single particle Hamiltonianĥ + V α (r). It is straightforward to calculate the ground state wave function perturbatively in V α (r), which results in a wave function in powers of Reα j . Subsequently, by substituting this wave function into the left hand side of Eq. 12, one obtains the coefficients c (1) , c
a and c
b . Following this route, we obtain that (setting 00 = 0)
where N is the number of atoms, q j ≡ k j − k p , V mn kk ≡ mk|f 1 |nk and W mn kk ≡ mk|f 2 |nk . Here we denote the eigenstates of the single particle Hamiltonianĥ by |nk and their corresponding energy by nk , where n = 0, 1, 2 · · · is the band index andk denotes momentum in the one-dimensional Brillouin zone.
To show the emergent U (1) symmetry, we need the difference between the third order coefficients c
Because of the umklapp processes, the expressions for this quantity are different for k p = k 1 + k 2 and k p = k 1 + k 2 , and they are respectively given by
where χ n ≡ 1 − (−1) n cos 2(φ p − φ 1 − φ 2 ) and the matrix elements are
a as a function of |Up|/ER for φp − φ1 − φ2 = π/2 (a) and as a function of (φp − φ1 − φ2)/π for |Up| = 38ER (b), where ER = k 2 p /2m is the recoil energy. The blue solid and red dashed lines in (a) and (b) are for non-interacting and weakly interacting bosons respectively, with kp = k1+k2. For weakly interacting bosons, the calculation is done for gaρ = 0.2, whereρ is the average atom density. The inset in (a) shows c
as a function of |Up|/ER for non-interacting bosons when the cavities form 45-degree angle with respect to the pumping beam, i.e., k1 + k2 = √ 2kp.
From Eq. 16 we can show, under conditions (ii)
a = 1, which reveals unequivocally the emergent U (1) symmetry as discussed above. In Fig.  2(a) , we consider the ETH experiment set up as an example and show that the ratio c a does not approach unity even if |U p | becomes very large. In Fig. 2(b) , we also show that c
a deviates from unity when φ p − φ 1 − φ 2 deviates from (l φ −1/2)π. Hence, together with condition (i) used in formulating these formulae and condition (iv) already used in constructing the model, we have illustrated that condition (i)-(iv) are all needed for the emergent U (1) symmetry.
The same calculation can be done for a weakly interacting Bose condensate using the Bogoliubov theory. We first obtain the ground state and all excited states with the Bogoliubov theory for Eq. 9 with Reα j = 0. Then we turn on V α (r) as a perturbation to obtain the manybody ground state in power of Reα j , and subsequently determine c
a . The results are shown in Fig. 2 by the red dashed lines, and the conclusion is the same as the non-interacting case.
Phase Diagram. We also notice that in Fig. 2(b) that, when φ p − φ 1 − φ 2 moves away from (l φ − 1/2)π, c a |, after which the superradiant transition can become a first order one. To determine the first order phase transition boundary, however, we need to solve Eq. 9 and Eq. 11 self-consistently, and the resulting phase diagram for non-interacting bosons is shown in Fig. 3 . We find that the superradiance phase boundary indeed comprises a second order part for φ p − φ 1 − φ 2 close to π/2 and a first order part for φ p − φ 1 − φ 2 away from π/2. Note that the second order phase boundary is independent of the relative phase of the optical beams because it is solely determined by the coefficient c (1) which is independent of these phases.
Outlook. In summary, this work explains a unexpected U (1) symmetry discovered in a recent ETH experiment on superradiant of bosons in two crossed beam cavities. We identify this symmetry as an emergent symmetry and determine all the necessary conditions for its appearance. This progress presents an example of emergent symmetry in a non-equilibrium system and offers promise for studying the physical consequences of emergent symmetry in non-equilibrium dynamics.
